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ON ROOTS OF LIKELIHOOD FUNCTIONAL EQUATIONS
IN CLASSICAL UNIVARIATE AND MULTIVARIATE
STATISTICAL THEORY

TITO A. MIJARES
Member, National Academy of Science and Technology, Philippines

ABSTRACT

Three possible multivariate analogues of the univariate root of equation h - Ag = 0 are |Hl -

A Gl=0, |[H - AG| =0, and a’ Ha - a’Ga = 0. The distribution of the roots in various cases such as in
regression equations, likelihood ratio criterion, canonical correlations, and Fisher's linear discriminant
function are examined. The general distribution of the roots can be expressed in mulitivariate beta-
prime variates and tests, such as those involving Wilks A, are shown to be related to equivalent tests
involving other functions (such as the sum) of the roots after transforming the general distribution to
multivariate beta variates.

Key words: Sum of the roots test; Bartlett-Nanda-Pillai trace criterion; first elementary symmetric
function of the roots, Vl(s), test; Lawley-Hotelling trace U®) test; multivariate roots
tests; largest root; Wilks L; likelihood ratio criterion; Hotelling T2; distribution of the
roots of determinantal equations

1. INTRODUCTION

Many inferential problems in univariate statistical analysis can be reduced
often to requiring the sampling distribution of the root of an equation of the form

(1.1) h-Ag=0,

where h and g are mutually independent random variates with specified distributions
and parameters. If g is a non-zero constant then the root has a distribution which is
proportional to the distribution of h. In normal theory the root A generally tumns
out to have a distribution that enables one to perform directly significance testing.
If the distribution is unknown a monotonic transformation to a variate function in
A with known distribution may be undertaken to enable one to perform significance
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testing on the function in A, and equivalently, on the root itself. For instance, the
distribution of the root when h is a standard normal variate distributed independently
of variate g that follows the distribution of the square root of a mean chi-square is
that of Student-t with a certain degree of freedom; that is, h ~ n(0,1) and g ~

! 2
X = A ~ I, . From this AZ ~ F(1, v), that is, an F-distribution with 1 and v
L

degrees of freedom. More generally, if h2 ~ %2 with v4 d.f.and independently of
g? ~ x? with v, d.f, then A2 ~ F(v),v,).

This paper examines the multivariate analogues of the root when extended
to an equation in vector variates form h’ = (h,h,, ..., hp) and g’ = (gl,gz,...,gp).
The root(s) of

(12) h' -\g’ =(0,0,.-,0)

are those of p univariate equations h, — A g, = 0, i = 1,2,..,p. If each h, is a
standard- normal variate and g is a unit vector, then h’ ~ Np(O,lp), a standard
multivariate normal distribution with mean at p-component row vector 0 and
covariance identity matrix Ip.

The paper also considers the linking of the roots of likelihood functional
equations with those of the roots of determinantal equations. It serves to unify
perspectives on analogues in univariate and multivariate statistical analyses and
theory.

2. DISTRIBUTIONS OF THE MULTIVARIATE
ANALOGUES OF THE ROOT IN VECTOR VARIATES
EQUATION FORM

Consider the p-component row vector h’ . Define its respective mean and
measure of variance by the expected value E(h’ ) = (0,0,...,0) and the E(hh’) =X =
(5}, i) =1,2,...,p. We call the symmetric matrix Z the covariance matrix of vector
h. ‘l'here are two possible multivariate analogues of the univariate variance o2

(2.1) = (cij), ij=1,2,...,p
(2.2) detZ=Zl=loyl.

While the expression in (2.1) has p(p+1)/2 distinct variates that of (2.2) is equivalent
to a single variate since it represents the determinant of covariance matrix . Thus
we can have three possible types of equations representing the multivariate
analogues of the univariate equation; these are:
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(2.3) lH| -AlGl=0,
(2.4) |H -Gl =0,
(2.5) a’(H-AG)a=0

where H = (hij) and G = (gij) are symmetric positive semi-definite matrices and a
is a vector vanate linearizing matrix (*).

In the next few sections (Sections 4-7) we shall study the distributions of
the root of equations of the form (2.3) and some of its associated problems in
significance testing. The rest after Section 3 will be devoted to those of the form
(2.4) and (2.5). In Section 3 we recall the fundamental distributions derived from
the multivariate normal distribution that form the bases for many significance
testing in multivariate statistical analysis and theory.

3. WISHART DISTRIBUTION, WILKS GENERALIZED
VARIANCE AND HOTELLING T2

Let x;, 1 = 1.2,.,N be vector variate samples from a p-variate normal
distribution Np(p’.Z) with mean vector variate m‘ and covariance matrix S. Let S
be a sample estimate of £ and given by
N
2 (xi=T)(x; — XY
3.1) S = =l g

N-1

We call S the (p x p) sample covariance matrix. The sample mean vector X is
distributed according to Np(u,Z/N) and VN(& —p)~ Np(O,Z). The distribution of A
= (N-1)S is known to have the density

(—.L._""2 -l) ( trE" A)
e —_
14 xp| ——

3.2 s pe) L, p RN
( ) 22“ 2 Izlzl—lr(n-f‘zl l)
i=l

where n = N - 1 and Z°! = (oY).The distribution of A is often referred to as the
Wishart p-variate distribution W_(Z, n) with covariance matrix S and degrees of
freedom n where n = N - 1. Wishart (1928) first derived the distribution which he
called the “generalized product moment” distribution in samples from a multivariate
normal population.
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On the other hand, | S| is commonly called the generalized variance in
current literature. The distribution of | S| is the same as the distribution of | Al/
(N-1)P and x; is distributed independently of X; (i#) according toN (0,%). Through
studies of mtegral equations of certain types Wilks (1932) sgowed that the
distribution of the generalized variance follows the distribution of

b2
(33) (Nl_ll)p X I;I(XN-iz)

that is, the constant factor times the product of p independent xiz variates, with the
ith variate having N-i degrees of freedom.

The role of the Wishart distribution in multivariate statistical analysis is
analogous to the role played by the chi-square distribution in univariate statistical
analysis. The Wishart distribution has a property which is the multivariate analogue
of Cochran’s theorem on the sum of independently distributed chi-squares. Let A,
be distributed according to W (Z n,) and independently of A, which is W (E
n,). Then the sum A |+ A, = A w (E n) wheren=n, +n,.

In the umvanate case when xl, XN are independent samples from a normal
population with mean zero and variance o2, let Q,= Nx square of the sample
mean and Q. = the sample variance s2. Then, in terms of the Wishart distribution,
Q, ~ W,(c%,1) since VN& ~ n(0,1), a standard normal, and Q, ~ W (o2, N-1)
since s2 ~ chi-square with N-1 degrees of freedom. The equation Q, -2Q,=0is

(34) N#-A%2s2=0

and the root A2 is known to be distributed as Student t2, which is distributed
according to an F- distribution with 1 and N-1 degrees of freedom; i.e., A2 ~
F(I1,N-1).

If Y,,.,Yy are N p-component sample vectors (N2p) drawn from a
multivariate population with distribution N (0 2) the mean vector'Y ~ N (0 2/N)
or VN°Y ~N »(0, Z).

Consider the quadratic forms

35 oV =NFT',
N e -’
e Q7= (F-T)r-7)
N i=I|
= 2 XY, - NYY'

The form Q(1) ~ W o(Z, ), since it is of rank p while Q@ ~ W(Z, N-p) since it is
of rank N - p. The sum Q+Q,=Q~ W (Z N). [In general, if A; (i=1,...,q) are
independently distributed according to W (E n;) then the sum A + +A =A ~
w (Z n;+...+n )]
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We now have an equation of the matric form
(3.7) Q) . 2 Q(2) =0
(M O2)-1 .32 -
QY Q@ A2 (1)=0
The trace of the root in (3.7) then becomes
(38)  AZr(L) = (N-Iyr[ (Y Y)S-!]
pA2 =(N-1)YS1Y,
where (YY) = Q() and (N-1)S-! = Q@ 1. Let YS'IY = T2 Then A2= [(N-1)/p]
T2. The distribution of the root 12 is proportional to the distribution of Hotelling T2

which, in tum, is proportional to an F- distribution with p and N-p degrees of
freedom. That is,

(3.9)  TX(N-1) ~ [p/(N-p)] F(p,N-p).

The distribution of T2 was derived by Hotelling (1931). Like the Student-t, it has
the property of invariance under scale transformation when the mean vector
=0

4. THE ROOT OF A LIKELIHOOD FUNCTIONAL EQUATION

The root could also represent a comparison of the likelihood function under
two situations. Given the probability density function f(x; €2 ) of random variable
X in some parameter space 2 the likelihood of a sample of size N from this
population is defined by L=I1.f(x;:Q2). Often we wish to examine the behavior of
the likelihood under subspace ® of 2 by comparing maximum L___ (w@) with the
maximum L___(€Q). The root of equation is

max

4.1) L (@) -AL_ . ()=0,
A=L_ . (®)/L_. ().
The (2/N)th power of root A is often known as the likelihood ratio criterion

(LRC). In samples of size N from a normal distribution with unknown mean p
and unknown variance 62, the root can be shown to be
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A&
2

-gyﬁ‘ff

(4.2) A=

A.EN= 7 ~ 1 N
sz
(4.3) 11+ +
-1

or AN = {1+t%/(N-1)}!, where t>=N‘x?/ [(N-1) s?] and s? = £, (x,-x)%/(N-1).

The multivariate analogue of the likelihood function in samples of size N from
Np(p, 2) is given by

(4.4) L,z |E |2 1
T exp 365 -10) £ - )]

t can be shown that under subspace ® = (po,Z‘l) of Q = (1,Z°!) the LRC is the
(2/N)th) power of root

N
N 2

. x,i—X)x, —X
A'-_»Iz:nl‘ir': ;Z_l( X )[-N

(4.5) 2

1-10)

i=]

N
Al
.4

A+N(f— poxx-uo) ’
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where I, and X, are the maximum likelihood estimates of X under spaces

N ’
® and €, respectively; A= Z(xi —f)(xf B i) =(N - I)S, and S = the

i=1
sample covariance matrix.The third relation of (4.5) shows A— 0 the greater the
departure of the sample mean vector X from the population mean vector p and A
— 1 as X— p,. Relation (4.5) can be further reduced to

4.6 )“%: -
) 1+ N(E— 1) A™ (% - 1)
1
1+T*/(N-1)

where T2 ~ N(X - p)’S™I(% - pg) = (N-I)N(X - Ho) ATl(X - pg). By (3.9) we have

2

= :

(4.7) 1+—L—F(p,N - p)
N-p

5. THE ROOTS OF REGRESSION EQUATIONS

In simple regression we regress a scalar deviate y from its population mean
on a fixed deviate x by an equation of the form

(5'1) yl T Bxl = el ’ i=l,2,...,N

As deviates we assume Xy, = Z.x.= Z.e, = 0. We construct the moment equations
on the set of N points (x;,y;) by multiplying both sides of the equation by x; and
adding the results. Thus

N N N
52) 2XYi-BY.xt=Y xe =0
i=1 i=1

i=]

since x; is fixed so that Zx.e; = Zx;xZe; = 0. The root of (5.2) is

(53) ﬁ=(zxf) (Zx,-)’.-)

i=
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In the multiple regression model we have a vector y of N components
regressed on known matrix x (Nxp) weighted by unknown p-component vector 3
and error vector e of N components. Thus,

(54) y-xB=e

The moment equations, noting the usual assumptions, become
(5.5) x'y -x'xp=0,

so that the root is

(56)  Breg= (xx)'x'y

The analogues in multivariate regression model are

(57) Y-XB=U,

or
(58) (¥, ¥ ¥p) - (XB; XB, .. XB,) = (u u, ... u),

where Y is (Nxp), X is (Nxq), B is (qxp) and U is (Nxp). Pre-multiplying both
sides by X' and solving for B, we have the root as the regression estimate

(59) B__ =(X'X)X'y

reg

which is an analogue of (5.3) and (5.6).

6. THE MAXIMUM LIKELIHOOD ESTIMATES OF PARAMETERS
AND THE LIKELIHOOD RATIO CRITERION IN
MULTIVARIATE LINEAR REGRESSION

Consider the model defined by (5.7) or (5.8). In most applications Y (Nxp) is
an observed matrix of p response variables on each of N individuals, X (Nxq) is a
known matrix, B (qxp) is a matrix of unknown regression parameters (or roots of
the moment equations) and U is an error matrix coming from a multivariate
distribution Np(O,Z) and unknown covariance matrix £ independent of X. When X
represents q independent variables observed on each of N individuals (5.7) is called
a multivariate regression model. When X is a design matrix (consisting of Os and
Is), (5.7) is called a general linear model. The columns of Y represent the dependent
variables which are to be explained by the q independent variables of X.

Lety;’ be the ith row vector of matrix Y. Assume that N 2 p+q and the rank of
X is q. It can be shown that the maximum likelihood estimate of B (which is

mathematically equivalent to Breg) is given by
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(6.2) B = (X'X)'X'Y
and that for X is y
(6.2) NZ,, = Zl y.yi + B, AB,,
=
where A = (X’ X)~!. It can also be shown that

(a) B_,. is unbiased for B and is multivariate normal,

mle
(bNZ_ . ~ Wp(E, N-q), and
(¢) B’ 1AB . ~ Wp(Z, q) and independent of NZ (e

The likelihood function of the N multivariate normal observations is

1 ] S
L= exp[-=(y-B'x)Z (y- Bx)]
69 £ a0 I E 08

Suppose we partition B’ = ( B’; B',), where B’,is (pxq,) and B'2 is (pxq,) and q =
qtqy, X, = ("i(l)’ xi(z)), and Z°1=A= (Aij) such that A, i1s (q;xq;), A, =A’,,
is (q,%q,), and A,, is (q; xq,). Then the maximum likelihood estimate of £ over
space w (that is, under the hypothesis B,= Bl'), can be shown (Anderson,]1984;
p.293) to be

N '
(64) NZ = Z;(Y.-' _Bl"xfl) Xyi' - Bl“xi(l)) - B,,4,8,,
= .
Thus the maximum likelihood function over space o is
(6.5) max Lw(B,, ) = (2r) (VPN | T | N2 exp {(-1/2) pN}
The maximum likelihood of (6.3) over space Q2 is
(6.6) max LQ(B, £) = (2r) V2PN | TQ | -N2 exp{(-1/2) pN}

Thus the root of the equation for testing the hypothesis Bl=B“1 (that is, the
hypothesis about the first q; rows of the coefficients) is given by

(6.7) max Lo (B,,Z) - A max LQ(B, Z)=0

or
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2

AN =

™M»

Q

(6.8) 5

The denominator in (6.8) has q, degrees of freedom while the numerator has (N -
q,- q,) degrees of freedom. Let AN = U(p,q; N-q;-q,). Then the LRC for testing
the hypothesis B|=B‘l, where Bl‘ is speciﬁed, in multivariate regression has
distribution U(p,q,,N-q;-q,). This is known as the LRC for testing Bl=B'] in
regression equations.

7. THE LIKELIHOOD RATIO CRITERION, U(p,m,n)

The likelihood ratio criterion is the root of a determinantal equation of the

form
7.1y Iwl-alw,l =0,

where |Wi | are the determinants of random symmetric matrices following the
Wishart distribution of (3.2). Wilks (1932) first showed that the determinant of the
sample covariance matrix S, which he termed generalized variance, follows the
distribution that is proportional to the distribution of products of independent chi-
squares given by (3.3). The root AN of the likelihood functional equation in (6.8)
is a form of LRC U(p,m,n). The parameter n of the criterion usually represents
the “error” degrees of freedom and m the “hypothesis™ degrees of freedom. Thus
m + n represents the “total” degrees of freedom. Relation (4.6) shows LRC as a
function of Hotelling T2 and relation (4.7) as a function of an F- distribution.

The following are some features of the LRC:

P
(a) The distribution of U(p,m,n) is the distribution of 1—[ {Xi }’ where the X,

i=I
: : . 1 N
are independent, each having the beta density /| x; ; ( n+1-—1 ),; m

(b) In the case when q, is greater than p and the hypothesis about the first q,
of the regression coefficients is true, the distribution of U(p,q,,N-q,;-q,) is the
same as that of U(q,,p,N-p-q,); that is, interchange the role of p and q;.

Particular cases of (a) are (Anderson, 1958; 195-196).
Case 1. p=I1. The density of U(1,m,n) is
n+
(%5) s
2 -—l 3
flu)= u? (1-u)?
(1.2) r(ﬁ)r(m)
2 2

= B[u;(n/2), (m/2)]
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Its relation to the F-distribution is 1
ud,m,n) =——
(7.3) 1+ —F(m,n) .
n
[See, for example, relation (4.6)] Thus, the LRC when p = | and the F-distribution
are related by

1-U(l,m,n) .f.
(74) Ulmn) m

Case p=2: The distribution of

1 —iU(2,m,n) n-1
-=F[2m,2(n -1
(7.5) m . o [2m,2(n - 1)]

Case any p and m=2: The distribution of

1-JyU(p,2,n) n+l1-p
(7.6) U(p,2,n) = p = F[2p, 2(n+1-p)]

1. Understanding what the root of the functional equation does in statistical
analysis can help unify perspectives in inference problems. Estimation and
hypothesis testing often require knowledge of the probability distribution of the
root(s). The distribution of the root of h - A = 0 (g=1) in sampling from a
univariate standard normal population (h) is known to follow a normal distribution
and its square (i.e., h2 - 12=0) follows the chi-square distribution with degrees of
freedom equal to the sample size. The distribution of the root in sampling from a
norinal population with mean p and standard deviation o, where h

= F(m,n).

Remarks

is the standardized mean variate, that is, —ri(f = ﬂ), and independent of g
ns? “

T
distribution with n-1 degrees of freedom. The square of this root follows the F-
distribution with 1 and n-1 degrees of freedom.

variate where s? is the sample variance, follows the Student-t

2. Calculating the desired probabilities from the distribution of the root is
not usually an easy straightforward task. To have practical use, tables of probabilities
(particularly, on the significance points), such as those for the standard normal,
chi-square, Student-t, and the F distributions, are usually available and arc easily
accessible in statistical textbooks. However, the distribution of the root of equation
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of the form such as that of the LRC U(p,m,n) does not usually take simple forms
and computing the desired probabilities can be a challenging if not a formidable
task (e.g. see Anderson,1958; pp. 195-202). Accordingly, approximate distributions
have been utilized to obtain the desired significance points. One such approximation
study, for example, showed (Schatzoff, 1966) that the limiting distribution of

(7.7) - [n-(172)(p-m+D)]logU(p,m,n) ~ %2,

The significance point of U(p,m,n) at level a is approximated by a chi-square with
pm degrees of freedom,; that is,

(7.8) -[n-(172)(p-m+1] 10gUy, 1, o(@0) = %% pr(00),

thus, Pr[U(p,m,n) < up,m’n(a)] = Pr{y2 m 2 szm(a)] = a . Other approximations
have been given by Rao(1951) [e.g., Anderson, 1984; p.321] as an F-approximation
and Box (1949).

8. THE ROOTS OF THE DETERMINANTAL EQUATION |[H-A G| =0

We have seen in the preceding section how the LRC comes out as the (2/
N)th power of the root of the likelihood functional equation of the forin |Hl -
Al Gl = 0, the distribution of which follows that of U(p,m,n). The symmetric
positive definite matrices H and G are distributed according to WP(Z, m) and
WP(Z,n), respectively. Wilks criterion is a root following the distribution of the
product of independent univariate betas [7(a)]. The roots of equation

(8.1 |IH-2 Gl =0,

however, are the characteristic roots of H in the metric of G. These roots possess
certain invariant properties under nonsingular transformations which simplify some
multivariate distribution problems to those not dependent on parameters. For
instance, let C be a nonsingular transformation such that

(8.2) CzIC'=1
Let
(8.3) H* = CHC',
G* = CGC'

Then H* and G* will be distributed according to Wishart Wp(lp,m) and Wp(lp,n),
respectively. The roots of equation of the transformed matrices

(8.4) |H* -1 G* =|CHC'-ACGC'|=0,
=|C(H - A\G)C'|=0,
=|H - \Gl=0

are the same as the roots of (8.1).
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A more appropriate multivariate analogue of the univariate case for testing
the homogeneity of two variances is the null hypothesis that the two p-variate
population covariance matrices, £, and X,, are equal. Using the sample equivalents
of the population covariance matrices, Roy (1939) derived the sampling distribution
of the nonzero roots of

(8.5) |S, -AS,| =0
where 8, is obtained from independent samples of sizes n, (> p) from a p-variate
normal populatlon N (u,,Z) The joint density of the roots O<X < A qS - SA s
of a multivariate Beta-pnme type [see (11.2), for instance] and is glven (Anderson
1984; p.530) by u*_'
(8.6) K[] 12[10- \)
i=1 (1 +A. ) i<j

where m=n;-1, n-n,-1 and

P l—
_ Hr(m+ n2+ z)

sn K= fl{ (m+1-})r(n+21-i)r(p+21_i)}

A related form of relation (8.1) is the determinantal equation of the form

(8.8) |H-6(H + G)l =0.
The roots 6; of H in the metric of (H + G) are related to A; by the relation
A
0 = —i-
(8.9) i 14 A,
or
0.
— i
(8.10) %-1_9_
Accordingly, the joint density for 0 < Gp < 9 1 S£..£0; <1 can be deduced from

(8.6) using transformation (8.10).

At about the same time and independently of.Roy, Hsu (1939) aiso obtained
the joint density of the roots of equation (8.8) for two cases.

Casel.n2pandn,>p
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p You-p-1)2 ( (n2-p-1)12
(8.11) K, x {I:[ei} {U(l_ei)} H(ei"ej)’

i<j

Case 2. n;<p and n,>p

i (p-n-1)2 " (n2-p-1)/2 p
(8.12) sz{l;lei} {H(l‘ei)} 1—[(9,.—9])

i<j
He gave explicit values of constants K and K,. He also proved a theorem leading
to the distribution of the canonical correlations below.

9. CANONICAL CORRELATIONS

An investigator, for example, may want to investigate the possible relation
between personality variables on the one hand, and academic achicvement on the
other, among high school students. By using canonical analysis he/she may be
able to identify what sort of personality profile, such as determining appropriate
linear combination of personality scales, that are most highly correlated with
linear combinations of achievement tests.

The theory of canonical correlations is due to Hotelling (1936). Suppose, the
random vector X of p+q components with mean vector 0 has

r
. . e 1) (2} | .
the covariance matrix 2. We partition X'= (X X ) into two subvectors

of p and q components respectively and its covariance matrix conformably to

le 212)
9.1 z =( .
( ) E2l Z22

Consider the linear combinations U=a.'X(1) and V=y'X(2). We want to find vectors
o and y such that the correlation between the two linear functions U and V is a
maximum. We require a and y such that U and V have unit variances, that is

(92)  E(U?) =E (@’ XXMWa) = a'T 0 = 1
(93) E(V3)=E (yX@X@ry)=y Z,5y=1

The correlation between U and V is

(94) EUV)=E@XMX@ry)=a'5,,y.
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Using Lagrange multipliers we maximize (9.4) subject to (9.2) and (9.3). Thus
differentiating

(9.5) 9=a'Z,7- (12N Zy9a—1) - (172)u(y 2oy -1)

separately with respect to a and y and equating to 0 the resulting system of linear
functions we arrive at a matrix equation

(—7\.2” 2 )(a) 0
(96) Ty -AZRN\y)

In order that (9.6) have a nontrivial solution the determinant of the matrix of
coefficients should vanish, thus

“A-Zn 2:12
Z21 7‘222

which is a polynomial equation of degree (and of number of nonzero roots) p+q.
Relation (9.7) can be further reduced algebraically (Kendall, p.63) to

9.7)

(9.8) (-A-)q’ pl)‘zzn - 2122;;2“' =0

which is now only a pxp determinant. It will have p nonzero roots in A2. Putting
A2 = 0 and, with some rearrangement, (9.8) can be transformed to

(9.9) | 242255 291 24471 - 01| = 0.

If the Zij ‘s are replaced by their sample equivalents S..’s the joint distribution of
the roots 1 2 6,2 6,2...2 6 20 of (9.9) has also been derived by.Hsu (1939) as a
generalization of Hotelling’s result for p=q=2. If the (x;, x5, ..., xp) and (xp "
X542 o Xpt ) are two mutually independent sets of variates, p < q, such that the
ffr;t set is normally distributed, the joint density of the canonical correlations is

9.10) K {ﬁ«? }(q_p-m{lj(l - 9:)} f](¢9 -18)

i<j

(n-p-q-2)/12

where
p Y
;z””Hr(%)
(9.11) K== i = i+1 i+l
| [H{ré==frE=tthrd=tah)
il 2 2 2

which is of the same form as that derived by Roy (1939).
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10. FISHER’S LINEAR DISCRIMINANT FUNCTION
The third type of analogue is the root of an equation in quadratic form
10.1 a’Ha - Aa’Ga=0

given by (2.5). When two or more populations are measured in several (say, p)
characters therc is special interest on certain linear functions of these characters
called by Fisher (1936) as discriminant functions. No particular parametric form
for the distribution of the populations I1,,..., II, need be assumed other than
merely to look for a rule that best discriminates &between them. We look for a
linear function a’x that maximizes the ratio of the g between-groups sum of squares
to their within-group sum of squares. Let vector

(Xla\ /yl\
o ®
= Xa = =
(10.1) i ® o
\Xga/ Kyg)

be a linear combination of the columns of data matrix X(nxp) whose n rows are
divided into g groups. The total sum of squares of vector y is y'H y = a’X'H_Xa,
where H_ is the centring matrix; that is, H =I -11°/n . If y, is the mean of the it/
subvector y; and y is the overall mean of the g groups, the sum of squares of the g
between-groups is

(10.2) 2. n(y,-y?=2Xn {a'(x;-X)a}’>=a'Ba

while the sum of squares of the within-groups is

(10.3) 2,y Hy =2 a'X/'HX.a=a"Wa,
This gives the total sum of squares of the g groups as

(10.4) y'Hy = a’X'HXa = a'Ta.
The root of equation

(10.5) a’'Ba-Aa’'Wa =0
is the ratio

(10.6) A=a'Ba/a'Wa

that is intuitively appealing. Matrices B and W are both (pxp). The ratio is a
measure of how far apart the groups are. If a is the vector that maximizes (10.6)
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[that is, A = ).max], the linear function a'x is called Fisher’s linear discriminant
function [In the next section, we will see that it is actually the first canonical

. . . -1 .
variate or the eigenvector of matrix BW-" corresponding to the largest root A . ]

An observation x is allocated to population FI whose mean score a' xJ is the
closest to a’ x; that is, we allocate x to l'l if

(10.7) la'x - a’ i'j|<|a'x-a' x|, forall izj.

11. THE MULTIVARIATE BETA VARIATES

In the Pearson system of curves there are two types of Beta variates. Their

densities are
(11.1) f(x) = x™1(1-x)"! /B(m,n) , 0<x< 1

(11.2) fiy) =y™! (14 y)™YB(m,n), 0<y <

The density (11.1) is of Type I and is called a beta variate f(m,n). It is distinguished
from the case of (11.2) which is of Type VI and called a Beta-prime variate
bg¢(m,n). Type VI is transformed to Type I by using transformation x =y (1+y)-!.

In univariate analysis many tests are based on statistics having independent
chi-square distributions. If h ~o2 le and g ~ o2 sz are two independent chi-
square variates, then the root A of equation o2y,,2 - Ao?y,,% = 0 is distributed as
a B'(vq/2, v2/2) variate. For instance, let F = (N;s, 24 )’(st2 /h,) where s; 2 are
sample variances and N, are the sizes of samples from normal populatlons with
unknown means and varlances then (n,/n,)F is the ratio of two ¥ 2_variates with
n, and n, degrees of freedom, respectlvely The density of the F-variate is of the

Beta-prime form given by ni+my
= nkF T2
(11.3) f(F)=KF? (1+—1— ,0< F <o
n m,
where ? non
(11.4) K = (—LJ B(-i -1)
n, 2 2

The multivariate analogues of (11.1) and (11.2) are (8.6) and (8.11), or
(8.12), respectively. The joint distribution of the roots in (8.6) transforms to the
joint distribution of the roots in (8.11) or (8.12) by using transformation 0, =
A(1+A). "1, Noting the similarities in the forms of the joint distributions of roots in
the A‘s and in the 0°s, Pillai (1954;1955) combined these into the general joint
distribution of the non-zero roots in the 0’s [in increasing order and given by
(11.5) below] for testing three cases of multivariate hypotheses by defining for
each case the appropriate set of parameters ; namely,
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(I). that of equality of the dispersion matrices of two p-variate normal
populations;

(IT). that of equality of the p-dimensional mean vectors for a k p-
variate normal population (which is mathematically identical with
the general problem of multivariate analysis of variance of
means); and

(II) that of independence between a p-set and a g-set of variates in a
(p+q) - variate normal population, with p < q.

The joint density of the 8’s in multivariate Beta variates is given by

arsy  f@ses €)=C(S’m»")ljé'"i(1 1 (CR))

0<9, <...<0 <I. !

where
(11.6)

”szzls[rl(%)(2m +2n+s+i+2)
C(s,m,n)=— = —
(e I‘l[rl(%)(zmun)JrK-;-)(zn+i+1)_r(_;)

i=

The joint density given by (11.5) is now known to have been independently
derived by Fisher (1939), Hsu (1939), Girshick (1939) for the case of s=2, Mood
(1951), and Roy (1939). See also Mijares (1964a) and Bose (1977).

The sets of parameters of (11.5) for the various cases are defined by:

Casel: Q=2m=n;-p-2
R=2n=n,-p-2
n, and n, are the sample sizes from p-variate populations.

Casell: Q=2m=|k-p-1}-1
R=2n=N-k-p-1
N = total size of the k samples from the p-variate population.

Caselll. Q =2m=q-p-1
R =2n=k-p-q-2
p + q <k, the total size of samples from the (p + q)-variate
population.

Mijares (1964a) includes s = 1 for the univariate and Hotelling T2 cases.
Accordingly, the degrees of freedom associated with the univariate beta parameters
are equivalenttov,=Q+2=2m+2,v;=R+2=2n+2.
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Remarks. There are meaningful relations among the roots A and 6 with the chi-
square and F variates and their associated degrees of freedom v, and v,. Denote F
as the ratio of two mean chi-square variates; that is, F = (x| /v D+ x 5/v2). Then
(vi/vo)F =( x, 2/ )(.22) A is the ratio of two chi-square variates and

2 2y 2 YIF
X1 N (x,%2°) _ v,
TR P IR D R 1+ LF
V2
11.7 A
an
I +A

The density of the Beta variate 0 is

l-( \Z + v2) VI »
2 718) T
Vi Va

FHFH

and the incomplete beta function is defined by the integral

(11.8) f(8) =

Vi

2 VI) Ieof(e)d(e),059051

(11.9) Iy (

The upper percentage point of the F-distribution, F, ., is related to the lower
percentage point 6, of the incomplete Beta function as follows. From (11.3)
0, = [1 + (v /vy)F, a]'; thatis

V2 "1

(11.10) IF f(_F)dF 19(

For example, from the F-table F ,(10,20) = 2.35. Thus 0 5 = [1+(10/20) 2. 35}
= 0.460; i.e., 1 44(20,10)=0.05. In probablhty terms, Pr( F2F o5) = Pr(F2 2.35) =
Pr(6<0.460) Pr(6<6005) = (0.05. Note the reversal of the degrees of freedom v,
and v, in the F-distribution and the incomplete beta function. For computing the
(I-a)% point, 8, , , the beta-prime form is more convenient to use. Thus,
Bgs =1 -85 =1-0460 = 0.540 = A(1+1)! . where A = (10/20)(2.35). In
probability terms since the beta-prime form is a monotonic increasing function of
the A’s, Pr(F 2 F g5) = Pr( 6 2 0 ¢5) = 0.05. (See first sentence, second paragraph
of Section 13 below]
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12. WILKS A OR PRODUCT OF THE ROOTS

The LRC U(p,m,n) is the root of an equation of the form | W1| ~ Al W2| =
0, where W, is distributed as WP(Z , m) and W, is distributed as W_(Z ,n). In
terms of the roots of the equation, A = | W,/ |W2| 1= AR which is the
product of the roots [L;A; in the determinantal equation |W] - A W2| = | W1W2‘1 -
Mp| = 0. The product IL;A, is known as Wilks A. For testing the null hypothesis
H: B, = B,* where B, * is specified (Section 6) we compute the LRC given by
(6.8) and compare the number with up’q]’N_ql_qz(a), the a significance point of
the U(p,q,,N-q,-q,) distribution.We reject the null hypothesis H if the computed

. - ..
Up,ql,N-ql-qz < up,ql,N_ql_qz(a) and accept H otherwise at a% level of significance.

Wilks test is used in one-way multivariate analysis of variance. We test the
hypothesis H,: pq = ... =y given that £, = ... = Z,. Since under H, (over
subspace ) the total observations are viewed as one sample, the maximum
likelihood estimates are X and S. That is, over subspace ® the “total” SSCP matrix
is T = n S derived by considering all the data matrices as a single sample. Under
the alternative hypothesis (that is, over space €2) the maximum likelihood estimates
of the y, is 'x; and that of the common variance matrix is W/n, where W = 2. n. S,
, the “within-groups” sum of squares and cross products (SSCP) matrix, and n =

n,+...+n,. Thus
2.1y r={IwliTn?

The total SSCP matrix

b

(xij = i) (xij - ’-‘)'

is distributed as a WP(Z. n - 1). The “between-groups” matrix B is given by

k
(122) T=2
j=1 j=i
k
(123) B =,-Z=:| n (% -x) (% -x)
and is distributed as a WP(Z, k - 1). The difference between T and B,
(12.4) W=T-B,

is distributed independently of B as a WP(Z, n - k). Thus, LRC for testing H, is
the (2/n)th power of (12.1); that is

(12.5) AP =|WIAT]

which is distributed as U(p,n-k,n-1). We reject Hy at a% level of significance if

the computed U(p,n-k,n-1) < up,n_k’n_x(a); otherwise, accept H,.
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In the context of the usual multivariate analysis-of-variance form, where
“hypothesis” matrix H = B and *“error” matrix W = E, we could have used directly
the root of equation | Bl - A| W| =0, that is

| Bl
(12.6) A = —M=|BW'1|~U(p,K- 1, n-k).

The detertninant | BW-!| = IL. A, = Wilks A.. Thus the LRC for testing H is
given by (12.5) and Pr[U(p,k-1,n-k) < “p,k-l,n-k(a)]=°‘ is the significance level
when the null hypothesis H, is true.

We could have used also the roots of the determinantal equation [or the root
of equation of the form | Bl + Al B+ W| =0 )

(12.7) IB-06(B+ W) =0
(12.8) |B(B + W)-! - Olp| =0,

Thus | B(B + W) -1 is the product of the roots 1.6, = TI, A.i(l+ki)" or Wilks A. =
[TA.=I16.(1 -.Gi)", a monotonic increasing function of the 6’s.

For testing the hypothesis H;: £, = ... = X, (test of homogeneity of
covariances), the maximum likelihood estimates of , are X; under both H, (that
is, over subspace ®) and the alternative (that is, over space €2). The maximum
likelihood estimates of Z, is S=W/n over subspace ® and S; over the alternative
space €. Thus the LRC for testing H, is the root

(12.9) A, =TL, | S| "2 A S| w2,
or '

(12.10) A, =TT, | 8,871 ni2,
Box (1949) suggested the use of unbiased estimates in place of the maximum
likelihood estmates S; and S. Thus, S ; =[n/(n;-1)]S; and S =[n/(n-1)]S. From
(12.10) we have

(12.11) -2log A, = Z,(n-1) log|S,;'S|

Box showed that

(12.12) M=yZ(n-1)loglS,'s,|,
i k
where Y=12p2+3p1 (2 I 1 )
(12.13) 6(p+1) (k-1) \i= n;-1 n-k
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follows asymptotically a sz(p H)(k_l),z-distribution. The approximation is good. if
each n, exceeds 20, and ifk and p do not exceed 5. Note that for p =1, the quantity
-2log A, of (12.10) reduces to Bartlett’s test of homogeneity; that is

(12.14) nlogs?-X;n logs? ~x% )y

For the test on complete homogeneity, thatis H: p, =...=p and L, =... =
Z |, the root can be derived by noting that Hy is a conditional type of hypothesis
and is true if the hypothesis H_ is true. Thus, H = H H,., implying that the root is
equivalent to the product

(12.15) A =T1| 88! nif2,
or
(12.16) -2 logl=nlong|-2inllog|Si|.

The statistic (12.16), following Box, is asymptotically distributed as a chi-square
distribution with (p/2)(k-1)(p+3) degrees of freedom.

Note that Wilks statistic or the LRC, in principle, can be integrated to obtain
probabilities. The cases of p=1, k=2 are simply functions of an F-statistic. The
evaluation of cases p=2, k=2 are still manageable but in other cases asymptotic
expansions are resorted to. However, the evaluations even here could become
quite unmanageable (e.g.,Anderson,1958; pp.195-202).

13. THE SUM OF THE ROOTS V,® OR TRACE OF
THE MATRIX, TR(*)

It may be observed that computing exact probabilitities of the LRC U(p,m,n)
could be a tedious one and approximations have usually been resorted to in
significance testing of hypotheses [Sections 7(Remark 2) & 12]. Thus transforming
the LCR to monotonic functions of its roots and testing the equivalent hypotheses
may be resorted to as an alternative.

Intuitively, it appears that good tests should reject the null hypothesis when
the roots of the equation of the types (8.1) and (8.8) in some sense are large,
indicating large departures of H from its metrics. Pillai (1954,1955) proposed the
sum of the roots V() = Z.0, [ or tr{ H(H+G)1}] and the sum of the roots U(*) = z
Aj[ortr (HG™Y)] as test criteria for testing the multivariate hypotheses. He presented
tables of V) for s = 2, 3, and 4 roots (Pillai, 1957) and their extensions to s = 8
along with tables of UC) for s = 2,..., 8 (Pillai, 1960). The criterion U) was also
proposed earlier by Lawley (1938) and Hotelling (1931,1951) while that of V()
has been also earlier proposed by Bartlett (1939) and Nanda (1950). The former
criterion is now known (Anderson,1984) as Lawley-Hotelling trace criterion and
the latter as Bartlett-Nanda-Pillai trace criterion.
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Mijares (1964a), by including the univariate and the Hotelling T2 cases for
s=1, extended the table of ¥ to V,(S) to s=1,2,...,50, following the generalization
of the moment equations of V,(S) (Mijares, 1958; Pillai and Mijares, 1959),the
subscript 1 being to indicate the sum as the first elementatry symmetric function
(e.s.f.) of the nonzero roots. The generalizations of moment equations of the e.s.f.
for any number s of the nonzero roots and their joint moments followed
(Mijares,1961; 1964b). He proposed (Mijares, 1962) the set of e.s.f. tests for
testing the multivariate hypotheses to overcome problems (Hotelling, 1936) of
competing choices as to the best tests under certain situations. Approximations to
the distributions of V,(S) (Mijares, 1962; 1990a) and U™ (Mijares,1990b) have
been given.The normal approximations have reportedly been incorporated in some
IBM-generated softwares for testing multivariate hypotheses.
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