TRANSACTIONS https://transactions.nast.ph/

ISSN 0115-8848 (print) Vol. 19 (1997)
ISSN 2815-2042 (online) doi.org/10.57043/transnastphl.1997.5924

Transactions NAST PHL, is the official journal of the National Academy of Science and Technology Philippines. It has traditionally
publishedpaperspresentedduringthe Academy’s AnnualScientificMeeting since1979topromote science-basedpolicy discussions
of and recommendations on timely and relevant national issues as part of its functions as a national science academy. Starting
in 2021, this journal has been open to contributions from the global scientific community in all fields of science and technology.

Improvement of Blum's et. al.
Selection Algorithm

gy il 204 Eliezer A. Albacea

of the
NATIONAL ACADEMY OF SCIENCE

AND TECHNOLOGY, PHILIPPINES

Institute of Computer Science. University of the Philippines Los Bafios
1997 4031 College, Laguna, Philippines

Volume XIX

Citation

Albacea EA. 1997. Improvement of Blum's et. Ai. Selection
algorithm. Transactions NAST PHL 19: 257-268. doi.org/10.57043/
transnastphl.1997.5924

Copyright
© 1997 Albacea EA

OPEN This article is licensed under a Creative Commons Attribution 4.0 International License, which allows for the use, sharing, and adaptation of
ACCESS the work, as long as the original author is properly credited. The article can be freely accessed and used for any non-commercial purpose,
provided that the original work is properly cited. To view a copy of this license, visit https://creativecommons.org/licenses/by/4.0/.


https://transactions.nast.ph/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.57043/transnastphl.1997.5924
https://doi.org/10.57043/transnastphl.1997.5924

MATHEMATICAL, PHYSICAL, AND
ENGINEERING SCIENCES

IMPROVEMENT OF BLUM’S ET. AL.
SELECTION ALGORITHM

ELIEZER A. ALBACEA
Institute of Computer Science, University of the Philippines Los Barios
4031 College, Laguna, Philippines

ABSTRACT

Blum, et. al. [1] presented a selection algorithm that finds the kth smallest
element of a set with n distinct elements using 5.4305n comparisons in the worst
case. In this paper, we present an improvement of this algorithm that requires
5.3975n comparisons in the worst case. The contribution of this paper is not on
the amount of improvement but rather on the result that the worst case of the
best practical algorithm for selection can still be improved. Thus, opening the
possibility of further closing the gap between the best practical worst case and
the best theoretical worst case for selection.

Keywords: selection, order statistic, analysis of algorithms.

INTRODUCTION

Blum, et. al. [1973] presented an algorithm for selection that requires 5.4305n
comparisons in the worst case. This was improved by Schonhage, et. al. [1976] by
presenting an algorithm that requires asymptotic to 3n comparisons in the worst
case. Unfortunately, the algorithm presented in [4] is much more difficult to implement
than the one in [Blum et al. 1973). From the practical point of view, therefore, the
algorithms of Blum. et. al. [1973] remain the best.

One of the algorithms in [Blum et al. 1973] (called PICK 1) is known to perform
well as the number of elements discarded increases. In this paper, we present a new
algorithm called LOCATE, that behaves in the opposite direction, i.e., the algorithm
performs well as the number of elements that can be discarded decreases. By
combining these two algorithms, an algorithm that requires 5.4137n comparisons is
produced. Further refinement reduces this value to 5.3975n comparisons.
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Notations

For convenience, the notations used in [Blum et al. 1973] will be adopted in
this paper. Given a set S of n distinct elements, kOS is the kth smallest element of S,
xpS is equal to the rank of x in S. But by arguments of symmetry, the algorithms in
this paper assume that 1< k< [n/2]. The small letter ¢ will consistently be used to
represent the size of the columns used in the algorithms presented in this paper
and h (c) is the cost of sorting a c-column. The term ‘c-column’ refers to a column
with c elements and the term ‘c-sorted’ refers to a c-column that is sorted in as-
cending order. All sorting steps involved in the algorithms arrange the elements of
the set in ascending order and are carried out using the sorting algorithm in [Ford
and Johnson 1959). Further, it should be noted that in the succeeding sections,
performance or running time or cost is measured in tenns of number of compari-
sons.

Blum’s et. al. Selection Algorithms

The most important contributions of their algorithms are the establishment
that the selection can be done in linear time. These algorithms are similar with
Hoare’s selection algorithm (FIND (Hoare 1961))] except that the algorithms ensure
that in every iteration about % of the total number of elements being considered are
discarded. This somehow explains the reason why the worst case running times of
the algorithms are linear.

Their best algorithm, called PICKI, starts by dividing the input into c-col-
umns which are then c-sorted. In the succeeding iterations, the retained elements
are restored to c-sorted columns by merging. This means that the columns are c-
sorted only once which explains the cost of 5.4305n comparisons. Since PICK1 will
be used as a basis of some improvements to be given later, a slightly reformatted
version of it will be given below.
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Figure 1. Division of Elements in PICK]
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Algorithm: PICK1

Comment: Selects kOS, where |S|=nand 1 < k <[n/2l.

1.

Ifn <45, sort S, print k0S, and halt.

2. Arrange S intoln/15lcolumns of length 15, and sort each column.
3.  UsePICKIa to select kOS.
Algorithm: PICK1a

Comment: Selects k'S, where |S| = n and 1<k <[n/2] and the set S and T are
already 15-sorted.

1.

Ifn < 45, sort S, print k0S, and halit.

2. Arrange T, the set of column medians (Figure 1), into{n/225} columns of
length 15, and sort each column.

3. UsePICKIb to select k0S.

Algorithm: PICK1b

Comment: Selects kS, where |S| = n and < k! n/2 , and the sets S and T are
already |5-sorted.

1.
2

i

Select m= [[T|210 T using PICK 1a, where T is the set of all c-column medians.
Compute mpS, by partitioning (A U B) of Figure |1 about m as follows, stop-
ping as soon as it becomes apparent that mpS < k or mpS > k.

(a) Insertm into each column of B using binary insertion.
(b) Insert m into each column of A using linear search technique beginning
near the median of the original column,

Apply the discard and restore procedure.
Decrease n by the number of elements discarded. If n < 45, sort S, print k0S
and halt, otherwise return to Step 1.

Algorithm: Discard and Restore — PICK1

1.

If mpS =k, halt. Otherwise, if mpS>k, then discard G U{x|x €B A x >m}, else
discard L U{x|x € A A x > m} and decrease k by the number of elements
discarded.

Restore S to a set of 15-columns.

Restore T to a set of 15-columns.

Let Pb(n), Pa(n) and P(n) be the costs of algorithms PICK1b, PICKla, and

PICK1, respectively. These costs were shown in [1] to assume the values
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2. Restore S to a set of c-columns as follows:

(@ The c-column medians form [c/2| -sorted and (Lc/2 +1)-sorted columns
since they were discarded in that form in Step 1 of LOCATEDb. This
means that | c/2]pairs, i.e., L(L c/2)+1)/2] and Llc/2]/2 Jpairs from those
whose medians are (Lc/2] +1)-sorted and {c/2 ]-sorted, respectively, from
out of c affected columns can be merged immediately using the method
outlined in the previous section.

(b) Combine the extra columns and merge every lc/2)-column with a
(|_c/2J+l)-column. It should be made sure, however, that 2 of the extra
columns are |¢/2] -columns and the other half are (.c/2] +1)-columns.
This arrangement can be done easily.

3 Restore T to a set of c-columns similarly. Let ZCT be those column medians
which were column medians in Step | of LOCATED.

(@) Since the elements of Z are arranged in Le/2)-sorted and (Ler2] +1)-
sorted columns (elements of Z were discarded in that form when m was
computed in Step | of LOCATEDb), restoring Z can therefore be done by
simply merging evenyl ¢/2 -sorted column with a {.c/21+1)-sorted column.

(b) Restore the new medians, which were computed after the restoration of
S, by sorting them into c-columns.

Lemma 2. The cost of restoring S is (c-2)((c-1)/c)(n/4c) + (c-1)(1/c)(n/4c)
comparisons.

Proof: The discard operation leaves ((c-1)/c)(n/4c) pairs of adjacent | c/2] -
and ( Lc/2J+1)-columns. Hence, they can be merged using (c-2)((c-1)/c(n/4c)
comparisons. The unknown columns, whose number is (1/c)(n/2c) and which are
composed also of Ler2) - and (Le/2]+1)-columns can be restored using (c-1)(1/c)(n/
4c) comparisons. (]

Lemma 3. The cost of restoring T is (c-1)(n/4c)(1/c)+h(c)(n/4c)(1/c)
comparisons, where h( c ) is the cost of c-sorting.

Proof: The restoration of ZC T can be done using the method used to restore
S. Since |Z|= n/2c, therefore there are (n/4c) (1/c) Lc/2]-sorted columns in Z. The
same number of (Lc/2]+1)-sorted columns is present. Hence, Z can be restored to
c-columns in (c-1)(n/4c)(1/c) comparisons. The set of new medians, whose number
is n/4c, can be c-sorted using h(c)(n/4c)(1/c) comparisons. »

The costs of LOCATE, LOCATEa, and LOCATED, which are denoted by
L(n), La(n), and Lb(n), respectively, can be described by the following recurrence
relations:
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"Lin) < nh(c)/c+ La(n) Cost of LOCATE.
La(n) < nh(c)/c2 + Lb(n) Cost of LOCATEa.
Cost of LOCATED.
Lb(n) < La(In/cl) Compute m.
+ (ﬁog dc/2l+ D)) (n/2¢) Insert m into B.
+(n/2x + d) Insert minto A,
+ (c-2)((c-1)/c)(n/4c) Restore S. Step 2a.
+ (c-1)(1/c)(n/4c) Restore S. Step 2b.
+ (c-1)(n/4c)(1/c) Restore S. Step 3a.
+ h(c)(n/4c)(1/c) Restore T. Step 3b.
+ Lb(3n/4) Cost of succeeding iterations.

Given c=135, the recurrence relations simplify to the following:
L(n) <42n/15+ La(n)

La(n) <42n/225 +Lb(n)
Lb(n) <(60/11X479n/1125 +d).

The algorithm assumes its best performance when d=0, where

Lb(n) £2.3224n
La(n) <2.5091n
(n) =<5309In

The worst performance, on the other hand, occurs when 6n/30 £ 7n/30, where

Lb(n) <3.4133n
La(n) <3.5000n
L(n) <6.4000n

263

However, the optimum value of ¢ is c=21, where L(n) £ 5.2773n when d =0 and L(n)

< 6.3361n when 6n/30 < d < 7n/30. Hence, the following theorem is proven:

Theorem 1. There is a selection algorithm that requires 5.2773n comparisons

when d = 0 and requires 6.3361n when d = 7n/30.

We have, therefore, shown the existence of an algorithm whose behaviour is

opposite to that of PICKI as d increases.

An Improvement

Let d be as described before. As noted earlier, PICK1 performs well as d
increases while LOCATE performs well as d increases. By combining these two
algorithms, the worst case of 5.4305 (due to PICK1) can be reduced to a new value

of 5.4137n.
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Let v be the value of d where the performances of PICK ] and LOCATE are equal. A
new and better worst case is set by computing for d, if d < n then apply the
discard and restore procedure of LOCATE, otherwise use the discard and restore
procedure of PICK 1. An algorithm, called LOCATEI, employing this observation is
given below. The constant d and v are as defined above.

Algorithm: LOCATEI1
Comment: Exactly the same as PICK |, except that Step 3 uses LOCATEIa.

Algorithm: LOCATEIla
Comment: Exactly the same as PICK |a, except that Step 3 uses LOCATE!b.

Algorithm: LOCATE1b

Comment: Selects kOS, where |[S|=nand | <k < n, and thesets S and T are
already c-sorted.

I.  Select m =[|T}/2 OT using LOCATEIa, where T is the set of all c-column
medians.

2. Compute mpS, by partitioning (AUB) of Figure | about m as follows, stopping
as soon as it becomes apparent that mpS < k or mpS > k.

(a) Insert minto each column of B using binary insertion.
(b) Insert m into each column of A using linear search technique, the search
starts at elements near the medians of the c-columns.

3 If d > v, then use the discard and restore procedure of PICK 1. Otherwise, use
the discard and restore procedure of LOCATE.

4.  Decrease n by the number of elements discarded. If n < 45, sort S, print k0S
and halt, otherwise return to Step 1.

Let L1(n), L1a(n), and L1b(n) be the costs of LOCATEI], LOCATE]la, and
L OCATEI b, respectively. Since the performance of the algorithm is optimum when
¢ = 15, in order to simplify the succeeding discussions, ¢ will be set to this value.

When d > v, obviously LOCATEI reduces to PICKI. Hence, the cost of
LOCATElis given by the following:

Libn) < (5n/(n+ Sd)(13197n/27000 + 3546d/1575)
Lla(n) < 42n/225+ L1b(n)
Li(n) < 420/15 + Lla(n).

On the other hand, when d < v, LOCATE] reduces to LOCATE. Hence, the cost of
LOCATEI is given by the following:
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Lib{n) =< (60/11X479n/1125+d)
Lla(n) < 42n/225+LI1b(n)
Lli(n) < 42n/15+Lla(n).

The critical value is equal to the value of d in the equation

(60/1 1479171125 + d) = (5n/(n+ 5d))(13197n/27000 + 3546d/1575).

Simplifying the equation will result tod = v = 0.01918n where with this value of d

L1 (n) simplifies to L3(n) < 5.4137n. Since max(h(s)/s) < 5.4137n when s < 45, the

induction is justified Clearly, this value is an improvement to the algorithm in [1].
Hence, the following theorem can be stated:

Theorem 2. There is a selection algorithm that requires 5.4137n comparisons
in the worst case.

Further Improvement

Let 1, be the number of elements in A which are less than m. The relationship
between 1, and d is given by the following lemma:

Lemmad. |, <d.

Proof: Two cases must be considered, either L or G is discarded.

Case 1. IfL is discarded, clearly d = |A. Hence, the lemma holds.
Case 2. If G is discarded. then

IL+1, +lg=k+1<n2i+1s |+ Bjs [Ll+gg+ g
From the leftmost and rightmost terms, gg < 1,.Sinced =gy, 1, < d follows. (J

Since 1A < d, Steps 2a and 2b of PICK b, i.e., the insertion of m into B using
binary insertion and the insertion of m into A using sequential search technique,
can be performed in any order without changing the cost of PICKIb as a whole.
The lemma also implies that the performance of PICK 1 improves as the size of 1 4
increases.

Using the approach used in LOCATEI, we can improvc the worst case by
finding an algorithm that performs well as the value of 1A decreases. One such
algorithm is obtained by making a slight modification an Step2 of LOCATEIb. The
said modification is incorporated into the algorithm below. This time v stands for
the value of 1, where the performances of PICK1 and LOCATE match.

Algorithm: LOCATE2
Comment: Exactly the same as PICK 1, except that Step 3 uses LOCATE2a.
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Algorithm: LOCATE2a
Comment: Exactly the same as PICK 1a, except that Step 3 uses LOCATE?2b.

Algorithm: LOCATE2b

Comment: Selects kOS, where [S|=n and | < k < n, and the sets S and T are
already c-sorted.

.  Select m = [[T}/2 OT using LOCATE2a, where T is the set of all c-column
medians.

2. Compute mpS, by partitioning (A, U B) of Figurel about m as follows, stopping
as soon as it becomes apparent that mpS < k or mpS >k

(a) Insert m into each column of A using linear search technique, the search
starts at elements near the medians of the c-columns.

(b) If 1, = v then insert m into each column of B, using binary search
technique. Otherwise, insert m into each column of B using linear search
technique, starting form the elements next to the medians of the c-
columns, stopping when the number of elements greater than m counted
so far is equal to (1, + 1) or when B runs out of elements greater than
m, whichever comes first.

3 If 1 A2V then use the discard and restore procedure of PICK1. Otherwise,
use the discard and restore procedure of LOCATE.

4.  Decreasc n by the number of elements discarded. If n < 45, sort S, print kqS
and halt, otherwise return to Step 1.

To simplify the discussion, let ¢ assume its optimum value which isc = 15.
Let L2(n), L2a(n), and L2b(n) be the costs of LOCATE2, LOCATE2a, and LOCATE2b.
respectively.

When 1, 2 v, obviously LOCATE2 reduces to PICK1 (Lemma 4). Hence, the
cost of LOCATE?2 is given by the following recurrence relations:

L2bn) < (Sn/(n+51,)X131970/27000 + 35461 ,/1575)
L2a(n) < 42n/225+ L2b(n)
L2n) < 42n/15 +L2a(n)

A

However, when 1, <v the cost is the samc as that of LOCATEI except for Step 2
of LOCATE2b.

L.emma S. The cost of Step 2 of LOCATE2b when 1, <vis 2(n/30 + 1,).

Proof: Step 2a of LOCATE?2b obviously needs one comparison per column
plus the number of elements in A which are less than m. Hence, a cost of (n/30 +
1,). With regards to Step 2b of LOCATE2b, two cases must be considered. The
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first is when gp > 15 where gp is the number of elements in B which are greater
than m. Clearly, this costs (n/30 + 1 ). The second case is when gy 2 1 ,, where the
cost is less than (n/30 + 1 ,). Therefore, Step 2 of LOCATE2b costs 2(n/30 +1).(]

With this step settled, the cost of LOCATE2b when 1 A <v can be written as
follows:

L2bn) <  L2a(n/15)) Select m.
+ 2(n/30+1,) Compute mrS.
+ 13(14/15)(n/60) Restore S. Step 2a.
+ 14(1/15)(n/60) Restore S. Step 2b.
+ 14(n/60)1/15) Restore T. Step 3a.
+  42(n/60)(1/15) Restore T. Step 3b.
+ L2b(3n/4) Cost of succeeding iterations.

This recurrence relation simplifies to L2b(n) < (60/11)(404n/1125 + 21 ,). The critical
value v is equal to the value of 1 ,A in the equation

(60/11)(404n/1125 + 21 ) = (Sn/(n+51 ,))(131970/27000 + 35461 ,/1575).

Simplifying the equation will result to 1, = v = 0.04144n where with this value of 1 ,
L2(n) simplifies to L2(n) < 5.3975n. Clearly, this value is an improvement to the
previous algorithm. Figure 3 shows the performance of LOCA TE2 (line below the
intersection) on different values of 1 A Where0 <1, < 7n/30. The theorem below
follows:

Theorem 3. The selection problem can be solved using 5.3975n comparisons
in the worst case.

L{n) I

n T LOCATE
6n =~
5.3975n =
Sn = PICK!
4n T
n T
n T
n T
! i | | i 1 ] |
I 1 I 1 I 1 'a
n 27 3n 4An 5n 6n
30 30 3 30 30 30 w0

Figure 3. Performance of PICK | and LOCATE.
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